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will be used where n* represents the nominal (constant) thrust-to-
weight ratio required if the descent was vertical. Again, in previ-
ous studies this profile would be tracked by adding a simple linear
feedback law with a high gain to guarantee tracking. The required
thrust-to-weight ratio n is then written as

h = n* + A.(u — v) (8)

This control will provide adequate tracking, however, only if the gain
X is large enough to compensate for the nonlinear terms in the vehicle
dynamics represented by Eqs. (1). Using nonlinear transformation
methods it will now be demonstrated that the desired descent profile
can be tracked in a systematic manner using slant range, slant range
rate, and local vertical information.

A pseudocontrol will again be defined as

u = v — v (9)

where v is the required vehicle velocity defined as a function of the
measured slant range. Taking the first derivative of the pseudocon-
trol, the thrust-to-weight ratio appears as before, viz.,

u = v- v'(R)R (10)

where, again, the slant range and range rate can be measured with
a body-fixed Doppler radar strapped to the — z body axis of the
descent vehicle. The required thrust-to-weight ratio h can then be
obtained as

h = cos V + (l/g){-V(R)R + K(V - v)} (11)

To implement this control requires measurements of slant range
and range rate, vehicle velocity, and the descent angle i/s. This cor-
responds to a knowledge of the local vertical. Such information
can be derived from a horizon sensor or even from inertial naviga-
tion system estimates updated from the vehicle predescent attitude.3
Importantly, the control ensures that the error dynamics behave ex-
actly as a damped first-order system, allowing tracking of the desired
decent profile from a large domain of the system state space.

A typical descent profile is shown in Fig. 2a for a starting con-
dition well away from the desired descent contour. The contour is
defined by Eq. (7) with a nominal thrust-to-weight ratio n* of 2.35.
The initial vehicle velocity is some 50% larger than the required
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Fig. 2a Velocity-slant range profile tracking: ——, desired profile, and
——, actual profile.
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Fig. 2b Commanded thrust-to-weight ratio T/W.

velocity on the descent contour. It can be seen from Fig. 2b that
the initial error is damped by throttling the descent engine so that
the desired descent contour is accurately tracked. A 5-g axial load
limiter has been included. Since the vehicle velocity is monotoni-
cally decreasing, however, the desired descent contour is eventually
reached and subsequently tracked.

Conclusions
It has been demonstrated that previous studies of descent con-

tour tracking have much in common with contemporary nonlinear
transformation methods. Rather than enforcing a high-gain, lin-
ear control over the desired decent contour, feedback linearization
methods allow descent contour tracking in a systematic manner.
The error dynamics of the systems are designed to exactly fol-
low a damped first-order linear system, ensuring tracking from off
the desired descent contour. Using this method a descent guidance
law has been derived that requires only simple sensor measure-
ments to implement. This scheme may allow simple guidance with
less complex sensors for low-cost soft landing of payloads on the
lunar surface.
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I. Introduction

DYNAMIC analysis of flexible structures usually starts from
mathematical modeling of the structures. Both analytical

approaches1 and finite dimensional approximations2 are used to de-
rive the mathematical model. For simple structures, the analytical
approach is an attractive choice in terms of the solution accuracy.
In the rather general cases, however, the approximation techniques
are frequently used due to computational advantage.

Analytical solutions rely upon solving boundary value problems
represented by characteristic equations.1'2 In spite of the difficulty
of solving characteristic equations, the analytical approaches yield
well-behaved shape functions as solutions for low-order variables,
such as displacements and slopes, as well as higher order vari-
ables, such as strain and stress. On the other hand, approximation
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methods suffer from less numerical difficulties.2 The approximation
methods, at the cost of computational advantage, raise a question
on the accuracy of the solution. In particular, significant errors are
unavoidable when higher order variables, such as strain and stress,
are evaluated by the approximation methods.

In this Note, analytical solutions for an L-shaped beam are devel-
oped. The L-shaped beam, which consists of two elastic domains,
has been used as a space structure model in some previous studies,3'4
such as flexible space antenna and reflector. The L-shaped structure
is usually subject to a large deflection maneuver compared to a single
elastic domain structure. In particular, the second structure motion
is dynamically coupled to the tip motion of the base structure, which
results in large deflection on the base structure. Note that the scope
is still restricted to small elastic displacement of the base structure.

II. Derivation of Analytical Solution
Equations of Motion

The linearized equations of motion for the L-shaped beam as
shown in Fig. 1 are given in the following form1:

(la)

(Ib)

and the boundary conditions are

OXi

, 0 = -^— — 0,

h

at *!=(

at *2 =

Jo
P2dx2y\(k) = EI/I—5-

/'Jo
p2\(x2a + y2)x2 dx2 = -
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where the subscripts 1 and 2 represent parameters of the base and
second structures, respectively. In addition, p is the linear mass
density, y elastic deflection, El beam rigidity, and a is the slope at
the tip of the base structure

Derivation of Characteristic Equation
To derive a characteristic equation, we introduce finite dimen-

sional discretization2'4

, t ) = X2(x2)T2(t)

Undeformed configuration Deformed configuration

Fig. 1 Schematic configuration of the L-shaped beam.

FromEq. (la)

That is,

d*J -^1(0 = '

Ti(t)

(3)

(4)

where ()"" denotes the fourth derivative of () with respect to x\
and a) is introduced to represent a harmonic motion of the time-
dependent function T(t)\ in this case, a> is the natural frequency of
the system. The solution for Eq. (4) is well known as

Xi(*i) = C\

+ C4coshxi*i
where

C3sinhxi*i

(5)

On the other hand, using Eq. (Ib) and the definition of y2(x2,t), it
follows that:

P2[x2(x{)f2(t) + x 2 X ' ( l l ) f l ( t ) ] + E2I2X^ff(x2)T2(t) = 0 (6)

In addition, from the boundary conditions,

r/2

IJi
p2[x2X'l(ll)Tl(t) + X2(x2)T2(t)]X2dx2 = -

For the preceding equation to be valid for any time t, the functions
Ti(t) and T2(t) should satisfy T\(t) = T2(t) as well as

-o>2ri(r), T2(t) = -co2T2(t)

Therefore, Eq. (6) can be rewritten as

P2[~x2(x2)co2 - jc2X;(/i)o>2] + E2I2X2"(x2) = 0 (7)

The solution to Eq. (7) becomes

X2(x2) = D\ sin y2x2 + D2 cos y2x2 + D3 sinh y2x2

+ D4 cosh y2x2 - X\ (/i )x2 (8)

where y2 is defined as

X2
4 = O)2p2/E2l2

Applying the geometric boundary conditions for X\ (x\ ) in Eq. (2a),
we obtain

*i(0) = c2 + c4 = o x;(0) - xi(Ci + c3) - o
Consequently, X i ( x \ ) is simplified into

Xi(*i) = Ci (sin xi^i -sinh xi^i)+C2 (cos xi^i -cosh xi-^i) (9)

Also, application of the geometric boundary conditions on X2(x2)
yields

X2(0) = D2 + D4 = 0 (lOa)

X2(0) - y2(D{ + D3) - xi(cosxi/i - coshxi/i)Ci (lOb)

+ Xi(sinxi/i +sinhxi/i)C2 = 0

Hence, X(x2) can be rewritten as

X2fe) = DI sin y2x2 + £>2(cos y2x2 — cosh y2jc2)

+ D3 sinh y2x2 - X\ (I{)x2 (11)
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Next, the natural boundary conditions in Eqs. (2b) and (2c) lead us
to the following expressions:

Table 1 Configuration parameters

f

= I
Jo

E2I2X»(12) = 0, E2I2X^'(12) = 0

(12a)

(12b)

where m2 = f()
2 p2 dx2 is the total mass of the second structure.

Once the two shape functions in Eqs. (9) and (11) are substituted
into Eqs. (12), a set of algebraic equations are derived in a matrix
form as follows:

"An

0
0

A41

_A 51

An
0
0

A42

A52

0
A23

A33

^43

A53

0
A24

A34

0
A54

0 ~
A25

A35

A45

Ass.
D2

(13)

where one of the geometric boundary conditions in Eq. (10) is also
included in the matrix equation. In addition, each parameter inside
the matrix is defined as

AH = -coshyi/O

- sinhyi/0

A i 2 = yfCsinyi/i - sinhyi/i)

+ (ra2/£i/i)&>2(cosyi/i -coshyi/i)

A 23 = — sin y2/2, A24 = —cos y2/2 — cosh y2/2

A25 = sinh y2/2, A3i = - cos y2/2

A32 = sin y2/2 — sinh y2/2, A33 = cosh y2/2

A4i = -yi(cosyi/i -coshyi/i)

A42 = -yi(-sinyi/i - sinhyi/i)

A43 = y2, A45 = y2

A5i = Ei/iy^sinyi/i +sinhyi/i)

A52 = Ei/iyftcosyi/i +coshyi/i)

A53 = -p2(J\(\/yl} sin >/2/2 - (/2/y2) cos y2/2]

A54 = - cos y2/2 + (/2/y2) sin y2/2

- (/2/Xz) sinh y2/2 + (l/yf ) cosh y2/2]

A55 = - sinhy2/2]

For a nontrivial solution to exist, the determinant of the coefficient
matrix of Eq. (13) should be equal to zero. After some algebra and
simplification, the resulting characteristic equation is in the form

y2(l + cos y2/2 cosh y2/2)[yj*(l + cos yi/i cosh yi/0

— (m2co2/E\ /i) (sin yi/ t cosh yJi — sinh y\l\ cos yi/i)] = 0
(14)

Equation (14) can be solved for <w, i.e., the natural frequency of
the system. It is worthwhile to note that this characteristic equation
reflects dynamic couplings between the two elastic domains. Es-
pecially, the y2, a single factor in the equations, can be explained
by the tip motion of the base structure. The dynamic coupling term
m2a>2/E\I\ in the equation becomes dominant as the mass m2 of

Symbol

h, m
/2, m
pi, kg/m
P2, kg/m
Ei/i,N-m2

£2/2, N-m2

Value

4.249
2.215
0.0045
0.0060
0.0267
0.0147

Table 2 Numerical results

Mode no.

1
2
3
4
5
6
7

Frequency, Hz

0.36
2.28
3.14
3.87
5.89
6.16
8.33

co2, rad2/s2

5.026 x 10°
2.045 x 102

3.901 x 102

5.918 x 102

1.371 x 103

1.498x 103

2.745 x 103

Error

-9.933 x 10~19

-2.294 x 10~12

-3.520 x 10-11

-6.988 x 1(T9

6.202 x 10-7

5.237 x 10-7

-5.665 x 10~4

the second structure increases, which is physically a feasible phe-
nomenon. Also, we can find, in Eq. (14)

1 4- cos y2/2 cosh y2/2 = 0

is a well-known equation for a simple beam with one end fixed
and the other end free.5 Therefore, the new characteristic equation
provides useful physical insight. Since the equation is a nonlinear
transcendental equation, a numerical technique is necessary to find
the solution. As is commonly known, some difficulty is expected
finding solutions for higher modes.

III. Example Problem
An application of the result developed in the preceding section

is made to a model system. The numerical data for the model sys-
tem are provided in Table 1. First seven natural frequencies are
computed numerically by solving the characteristic equation (14)
using Newton-Raphson method. In this particular case, the seventh
mode is the highest mode that can be obtained without significant
numerical error, which can be evaluated by substituting the con-
verged value into the original equation, Eq. (14). It turns out that
the computer code size is much shorter compared to using a finite
element method. Table 2 presents the computed natural frequencies
and numerical error for each mode.

IV. Conclusion
Analytical solution for the eigenvalue problem of a flexible L-

shaped beam is obtained. The double elastic domains structure pro-
duced a characteristic equation, where the nonlinear coupling effects
between each domain are well represented. This analytical result can
be used as a benchmark test for numerical solutions of the similar
structures. Also, the approach taken in this study can be extended
into other multiple domain flexible structures.
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